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Abstract. The Gordian distance between two knots measures 
how many crossing changes are needed to transform one knot into 
the other. It is known that there are always infinitely many non- 
equivalent knots 'between' a pair of knots of Gordian distance two. 
In this paper we prove an extreme generalisation of this fact: there 
are knots with arbitrarily prescribed Vassiliev invariants between 
every pair of knots of Gordian distance two. 



1. Introduction 

A crossing change is an operation on knots that allows us to untie 
every knot in finitely many steps. We say that two knots differ by a 
crossing change, if they are related by a strand passage operation along 
an embedded disc with one singularity, as illustrated in figure 1. The 
Gordian distance do between two knots is the least number of crossing 
changes needed to transform one knot into the other. 
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Figure 1. 

The Gordian distance gives rise to a simplicial complex, the Gordian 
complex of knots: every isotopy class of smooth oriented knots in 
corresponds to a vertex. Two vertices are connected by an edge, if 
the corresponding knots have Gordian distance one. Similarly, an n- 
simplex of the Gordian complex is a set of n + 1 knots whose pairwise 
Gordian distance is one. The structure of the Gordian complex is 
rather complicated. As Gambaudo and Ghys proved in [2j, it contains 
quasi-isometric embeddings of high rank grids. Moreover, every edge 
of the Gordian complex is contained in a simplex of infinite dimension 
(see 0). 

Given two knots of Gordian distance two, we may ask how many 
knots are 'between' them. Quite surprisingly, the answer is 'infinitely 
many', as was recently shown in [T|. This can be strengthened a lot. 
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Theorem 1. Let m be a natural number and K any knot. For every 
pair of knots Kq and Ki of Gordian distance two, there exists a knot 
K' with the following properties: 

(1) the Gordian distance between K' and Kq, Ki is one, 

(2) all Vassiliev invariants of K' of order less than or equal to m 
coincide with those of K. 



Theorem 1 also provides a generahsation of Ohyama's resuh ([6]), 
who showed that every finite set of Vassiliev invariants can be realised 
by an unknotting number one knot. In the next section, we prove the 
special case m = 2 of theorem 1; the general case (m > 2) is proved in 
the third section. 

2. The Casson invariant of Knots 

The second coefficient 02 of the Conway polynomial is called the 
Gasson invariant of knots. It is the unique Vassiliev invariant of order 
two on knots, up to multiplication by a constant. The following skein 
relation provides an effective way of computing 02. 

a2M - a2{)() = IkQ/^ 



Here lk{L) denotes the linking number of a two component link L. 

Proof of theorem 1, form = 2. Let Kq, Ki be two knots of Gordian 
distance two. By a standard argument, Kq has a diagram with two 
neighbouring crossings A and B, as shown in figure 2, such that a 
simultaneous crossing change at A and B transforms Kq into Ki. For 
the moment, we assume that the crossing A is positive. Changing the 
section of Kq, as shown in figure 3, with a certain number k of half- 
twists above and below the crossing B, we define a new knot K', which 
is 'between' Kq and Ki. Indeed, a crossing change at C transforms K' 
into Kq, whereas a crossing change at B transforms K' into Ki. We 
note that C is a negative crossing, since A was a positive crossing. 



Figure 2. 

Applying the skein relation for the Casson invariant at the crossing 
C ofK', we get 

a2{KQ)-a2{K') = lk{L), 
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Figure 3. 



where L is the two component hnk shown in figure 4 (the smoothing 
must be hke this, since the crossing C is negative). Varying the number 
k of positive (or negative) half-twists, we can arrange 

lk{L) = a2iKo) - N, 

for any given integer N. (The two 'slalom strands' belong to different 
components of L, whence the vertical strand links with precisely one of 
the two 'slalom strands'. Thus we can vary the linking number of L, as 
we like.) In case A is a negative crossing, we may apply an analogous 
construction. This proves the special case m = 2 of theorem 1. 




3. C„-MOVES AND VASSILIEV INVARIANTS 

The proof of Theorem 1 involves Vassiliev invariants and certain C„- 
moves, which were defined by K. Habiro in [3| (see also [1]). A Ci-move 
is simply a crossing change. For n > 3, there exist C„- moves and special 
C„-moves. We will only use the latter. A special C„-move is defined 
diagrammatically in figure 5 (the small loop with an arrow should be 
ignored at this point). It takes place in a section with 2{n+l) endpoints 
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or n + 1 strands, respectively. The strands are numbered from 1 to ri + 1 
and are all connected outside the indicated section, since they belong 
to one knot K. Going along K according to its orientation, starting 
at the first strand, we encounter the other strands in a certain order 
which depends on how the strands are connected outside the indicated 
section. This order defines a permutation, say a G of the numbers 
2, 3,..., n+1. 
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1 2 3 4 n-1 n n+1 
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1 2 3 4 n-1 n n+1 



Figure 5. 

In [8], Y. Ohyama and T. Tsukamoto explain the effect of a C„- 
move on Vassiliev invariants of order n. Their result ([8], theorem 1.2) 
implies the following: 

(1) A C„-move does not change the values of Vassiliev invariants of 
order less than n. 

(2) Let K and K be two knots which differ by one Cn-move, and Vn 
any Vassiliev invariant of order n. Then Vn{K) — Vn{K) depends 
only on the permutation a E Sn defined by the cyclic order of 
the (n+1) strands of the section where the C„-move takes place, 
and on the product of the signs of the crossings Ci, C2, C3,. . ., c„ 
(see figure 5). 

The last statement of (2) follows from the proof of theorem 1.2 in |8j. 

We will use a slightly modified version of a special C„-move, as shown 
in figure 6. It is actually equivalent to a special C„-move, as we can see 
by dragging one end of the second strand in figure 5 along the small 
loop, in direction indicated by the arrow. This operation relates the 
two diagrams of figure 5 with those of figure 6. 



GORDIAN DISTANCE AND VASSILIEV INVARIANTS 



5 




Figure 6. 

Proof of theorem 1. Let Kq, Ki be two fixed knots of Gordian distance 
two, as before. By the result of the preceding section, the case m = 2 of 
theorem 1 is aheady settled: there exists a knot K' with any prescribed 
Casson invariant and dc^K' , Kq) = da{K', Ki) = 1. Now let us assume 
that theorem 1 is true for m e N, m > 2, i.e. for any given knot K, 
there exists a knot K', such that: 

(1) dGiK',Ko)^dGiK',K^)^l, 

(2) all Vassiliev invariants of K' of order less than or equal to m 
coincide with those of K. 

We will build a new knot K" that meets condition (2), for m + 1. 

Again, by a standard argument, K' has a diagram with a section as 
shown in figure 7, with 2 distinguished spots Ai and A2, where crossing 
changes should take place to obtain Kq and Ki, respectively. In this 
section, we add m — 2 single arcs between the two spots Ai and A2, 
in an arbitrary way, so that we obtain a section where we can apply a 
special C,„+i-move, as shown at the top of figure 6. 




Figure 7. 

Going along the knot K' according to its orientation, starting at 
the leftmost strand, we encounter the other strands in a certain order. 
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which again defines a permutation a G Sm+i- We claim that we can 
easily change the order of two strands. This is obvious, except for the 
case of two strands Si, S2 belonging to two different clasps, as shown 
at the top of figure 8 (the middle arcs are omitted here). By applying 
regular isotopy only, we can transform the indicated section into the 
section at the bottom of the figure. We observe that the order of the 
strands Si, S2 is reversed, there. Moreover, a crossing change at the 
clasps involving si or S2 yields the same knots as before. 




Figure 8. 



Hence we may assume that we encounter the strands of figure 6 in 
an order corresponding to a fixed prescribed permutation a G Sm+i- 

Applying the special C^+i-niove of figure 6, we obtain a knot K' 
which is still a neighbour of Kq and Ki in the Gordian complex of 
knots: dciK', Kq) = dc{K', Ki) = 1. In order to arrange the Vassiliev 
invariants of order < m + 1 of K' , we must invoke Habiro's theorem. 

Theorem 2 (Habiro [4]). Two knots have the same Vassiliev invariants 
up to order n, if, and only if, they are related by a finite sequence of 
Cn+i-moves. 

Remark. The statement of theorem 2 remains true if we replace C„+i- 
moves by special C„+i-moves, since these moves are equivalent (see 
e.g. [7]). 

Hence, in our situation, the two knots K and K' are related by a 
finite sequence of special Cm+i-moves. By Ohyama and Tsukamoto's 
result ([8]), every single Cm+i-niove changes Vassiliev invariants of or- 
der m + 1 in a way that only depends on the cyclic permutation defined 
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by the outer connections and a product of signs of certain crossings. 
By the above observation on the permutation of strands, we can im- 
itate this pattern in our C^+i-move from K' to K' . Repeating this 
procedure for every Cm+i-movc in the sequence from K to K' ^ we end 
up with a knot K" whose Vassihev invariants of order up to m + 1 
coincide with those of K. This completes the proof of theorem 1. □ 
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